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Abstract
Motivation : Several theoretical comparisons with experimental data have recently pointed
out that the mass tensor of the collective Bohr Hamiltonian cannot be considered as a constant
and should be taken as a function of the collective coordinates.
Method : The Davydov-Chaban Hamiltonian, describing the collective motion of γ-rigid
atomic nuclei, is modified by allowing the mass to depend on the nuclear deformation. More-
over, the eigenvalue problem for this Hamiltonian is solved for Davidson potential and γ = 30◦
involving an Asymptotic Iteration Method (AIM). The present model is conventionally called
Z(4)-DDM-D (Deformation Dependent Mass with Davidson potential), in respect to the so called
Z(4) model.
Results : Exact analytical expressions are derived for energy spectra and normalized wave
functions, for the present model. The obtained results show an overall agreement with the exper-
imental data for 108−116Pd, 128−132Xe, 136,138Ce and 190−198Pt and an important improvement
in respect to other models. Prediction of a new candidate nucleus for triaxial symmetry is made.
Conclusion : The dependence of the mass on the deformation reduces the increase rate of
the moment of inertia with deformation, removing a main drawback of the model and leading
to an improved agreement with the corresponding experimental data.
1 Introduction
The coupling between rotational and vibrational motions in even-even heavy nuclei has been duly
investigated in the frame of the Davydov-Chaban [1] and Bohr-Mottelson models [2, 3, 4]. The
Davydov-Chaban Hamiltonian, which depends only on the collective coordinate β and three Euler
angles, is generally appropriate for nonaxial even-even nuclei, which are soft with respect to β
vibrations of the nuclear surface. Such a Hamiltonian has motivated the idea of elaborating the
Z(4) symmetry [5] by taking γ=pi/6 and deriving the X(3) symmetry from the X(5) one by freezing
the variable γ≈0 [6]. For both Z(4) and X(3), an infinite square well potential has been used for
the β variable. Also, it has been applied for treating γ-rigid nuclei by making use of different
model potentials for describing β-vibrations like, for example, the harmonic oscillator [7], the sextic
potential [8, 9], the quartic oscillator potential [10] and the Davidson one within X(3) symmetry
[11, 12]. Recently, this Hamiltonian has been used as a first application of the minimal length
formalism in nuclear structure [13]. Besides, in order to improve the numerical realization of the
Davydov-Chaban Hamiltonian for even-even nuclei, one can refer to the utilization of the above cited
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minimal length formalism [14] or the deformation dependent effective mass one (DDMF) [15, 16].
This latter, by introducing a new parameter in the model, becomes able to generate improved
numerical data particularly for energy spectra [17, 18]. However, here one has to notice that such
a new model parameter should not be regarded as a simple additional one for fitting experimental
data, but as a model’s structural one as it has been shown in [19]. In the present work, we
intend to apply Davydov-Chaban Hamiltonian in the framework of DDMF with the Davidson [20]
potential for β-vibrations. We will proceed to a systematic comparison of the obtained results, by
the presently elaborated model being called Z(4)-DDM-D, for energy spectra and electromagnetic
transition probabilities of even-even Pd, Xe, Ce and Pt isotopes, with the available experimental
data and some theoretical models. The inside comparison between the obtained results of Davidson
potential will also be treated showing the effect of deformation dependent mass parameter as well as
the centrifugal potential on different spectral bands. Moreover, we will address the similarity issue
between our model and the E(5) symmetry [21] related to the phase transition between vibrational
to γ-unstable shape. The Hamiltonian of the newly elaborated model depends on the collective
coordinate β and the Euler angles, while the parameter γ is taken to be equal to pi/6 allowing to
study triaxial nuclei in the limit of the Z(4) symmetry [5]. The formulas for the energy levels as
well as for the wave functions are obtained in closed analytical form by means of the asymptotic
iteration method [22, 23]. Thanks to its efficiency and easiness, we have already used this method
to solve many similar problems [24, 25, 26, 27, 28, 29, 30]. On the basis of the obtained numerical
results, by the present model, the staggering effect appearing in energy spectra of triaxial nuclei
will also be treated by taking for example the nuclei 114Pd and 192Pt. Moreover, we will extend the
Variable Moment of Inertia (VMI) model [31] into the presently elaborated model Z(4)-DDM-D in
order to study the effect of deformation dependent mass formalism on the variation of moment of
inertia in triaxial shape.
The present paper is organized as follows : In Section 2 the position dependent mass formalism
is briefly described, and applied to the Davydov-Chaban Hamiltonian in Section 3. The exact
separation of the Hamiltonian and the solution of angular equation are achieved in Section 4. The
radial equation and analytical expressions for the energy levels of Davidson potential are presented
in Section 5, while the wave functions are given in Section 6. The B(E2) transition probabilities
are considered in Section 7. Finally, Section 8 is devoted to the numerical calculations for energy
spectra, B(E2) transition probabilities, staggering effect and effect of deformation on the variation
of moment of inertia in triaxial shape with their comparisons with experimental data, while Section
9 contains the conclusions. An overview of the asymptotic iteration method is given in Appendix
A.
2 Formalism of the position-dependent effective mass
In the general form of the position-dependent effective mass, the mass operator m(x) no longer
commutes with the momentum operator p = −ih¯∇. Therefore, different ways of generalizing the
usual form of the kinetic term p2/(2m0), in the Hamiltonian H, have been developed. In the
following, we adopt Von Roos’ scheme [32], which has the advantage of a built-in Hermiticity. It is
given by
H = − h¯
2
4
[
mδ
′
(x)∇mκ′∇mλ′ +mλ′(x)∇mκ′∇mδ′
]
+ V (x), (1)
where V (x) is a potential and the parameters δ′, κ′, λ′ are constrained by the condition δ′+κ′+λ′ =
−1. The position-dependent mass m(x) is given by [15]
m(x) = m0M(x), M(x) =
1
(f(x))2
, f(x) = 1 + g(x), (2)
2
where m0 is a constant mass and M(x) is a dimensionless position-dependent mass. The Hamilto-
nian (1) becomes [15]
H = − h¯
2
4m0
[
f δ(x)∇fκ(x)∇fλ(x) + fλ(x)∇fκ(x)∇f δ(x)
]
+ V (x), (3)
with δ + κ+ λ = 2. It is known [15] that this Hamiltonian can be put into the form
H = − h¯
2
2m0
√
f(x)∇f(x)∇
√
f(x) + Veff (x), (4)
with
Veff (x) = V (x) +
h¯2
2m0
[
1
2
(1− δ − λ)f(x)∇2f(x) + (1
2
− δ)(1
2
− λ)(∇f(x))2] , (5)
where δ and λ are free parameters.
3 The Z(4)-DDM model
In the model of Davydov and Chaban [1], the nucleus is assumed to be γ rigid. Therefore, the
Hamiltonian depends on four variables (β, θi) and has the following form [1]
H = − h¯
2
2B
 1
β3
∂
∂β
β3
∂
∂β
− 1
4β2
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
+ V (β), (6)
where B is the mass parameter, β the collective coordinate and γ a parameter, while Qk are the
components of angular momentum in the intrinsic reference frame and θi the Euler angles.
In order to construct a Davydov-Chaban equation with a mass depending on the deformation
coordinate β, one has to follow the formalism described in Sec. II and to consider
B(β) =
B0
f(β)2
, (7)
where B0 is a constant. Since the deformation function f(β) depends only on the radial coordinate
β, then only the β part of the resulting equation will be affected. The final result reads
−√f
β3
∂
∂β
β3f
∂
∂β
√
f +
f2
4β2
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
Ψ(β,Ω) + veffΨ(β,Ω) = Ψ(β,Ω) (8)
with,
veff = v(β) +
1
4
(1− δ − λ)f 52 f + 1
2
(
1
2
− δ
)(
1
2
− λ
)
(5f)2 (9)
where the reduced energies and potentials are defined as  = B0
h¯2
E, v(β) = B0
h¯2
V (β), respectively.
3
4 Exactly separable form of the Davydov-Chaban Hamiltonian
Considering a total wave function of the form Ψ(β,Ω) = χ(β)φ(Ω), where Ω denotes the rotation
Euler angles (θ1,θ2,θ3), the separation of variables gives two equations[
−1
2
√
f
β3
∂
∂β
β3f
∂
∂β
√
f +
f2
2β2
Λ +
1
4
(1− δ − λ)f 52 f
]
χ(β)
+
1
2
[(
1
2
− δ
)(
1
2
− λ
)
(5f)2 + v(β)
]
χ(β) = χ(β), (10)1
4
∑
k=1,2,3
Q2k
sin2(γ − 23pik)
− Λ
φ(Ω) = 0. (11)
where Λ is the eigenvalue for the equation of the angular part. In the case of γ = pi/6, the angular
momentum term can be written as [33]∑
k=1,2,3
Q2k
sin2(γ − 23pik)
= 4(Q21 +Q
2
2 +Q
2
3)− 3Q21. (12)
Eq. (11) has been solved by Meyer-ter-Vehn [33], with the results
Λ = L(L+ 1)− 3
4
α2, (13)
φ(Ω) = φLµ,α(Ω) =
√
2L+ 1
16pi2(1 + δα,0)
[
D(L)µ,α(Ω) + (−1)LD(L)µ,−α(Ω)
]
, (14)
where D(Ω) denotes Wigner functions of the Euler angles, L is the total angular momentum quan-
tum number, µ and α are the quantum numbers of the projections of angular momentum on the
laboratory fixed z-axis and the body-fixed x′-axis, respectively. In the literature, about triaxial
shapes, it is customary to insert the wobbling quantum number nw instead of α, with nw = L− α
[33, 34]. Within this convention, the eigenvalues of the angular part are written as
Λ = L(L+ 1)− 3
4
(L− nw)2. (15)
5 Z(4)-DDM-D solution for β part of the Hamiltonian
The β-vibrational states of the triaxial nuclei, having a γ rigidity of pi/6, are determined by the
solution of the radial Schro¨dinger equation
1
2
f2χ′′ +
(
3f2
2β
+ ff ′
)
χ′ +
(
3ff ′
4β
+
(f ′2)
8
+
ff ′′
4
)
χ− f
2
2β2
Λχ+ χ− veffχ = 0, (16)
with
veff = v(β) +
1
4
(1− δ − λ)ff ′′ + 1
2
(
1
2
− δ
)(
1
2
− λ
)
(f ′)2. (17)
Setting the standard transformation of the radial wave function χ(β) = β−3/2R(β), one get
f2R′′ + 2ff ′R′ + (2− 2ueff )R = 0 (18)
where
ueff = veff +
f2
2β2
Λ +
(
3ff ′
4β
+
3f2
8β2
− (f
′)2
8
− ff
′′
4
)
. (19)
4
Now, we are going to consider the special case of the Davidson potential [20]
v(β) = β2 +
β40
β2
, (20)
where β0 represents the position of the minimum of the potential.
According to the specific form of the potential (20), we choose the deformation function in the
following special form
f(β) = 1 + aβ2, a << 1. (21)
By inserting the potential and the deformation function in Eq. (18), one gets
2ueff (β) = k2β
2 + k0 +
k−2
β2
, (22)
with
k2 =2 + a
2
[
(1− δ − λ) + (1− 2δ)(1− 2λ) + 7
4
+ Λ
]
,
k0 =a
[
(1− δ − λ) + 7
2
+ 2Λ
]
,
k−2 =Λ +
3
4
+ 2β40 . (23)
In order to apply the asymptotic iteration method [22, 23, 35], the reasonable physical wave function
that we propose is the following :
RnβL(y) = y
ρ(1 + ay)νFnβL(y), y = β
2, (24)
where
ρ =
1
4
(1 +
√
1 + 4k−2),
ν =− 1
2
√
k−2 +
2
a
− k0
a
+
k2
a2
. (25)
For this form of the radial wave function, Eq. (18) reads
F ′′(y) = −
[
2 + ρ+ a(4 + 2ν + ρ)y
2y(1 + ay)
]
F ′(y)−
[
a(2ν + ρ+ 3)(2ν + ρ+ 1)− 4k2a
16y(1 + ay)
]
F (y). (26)
Comparing Eq. (26) with Eq. (50) and using Eq. (51), one get the generalized formula of the radial
energy spectrum,
nβnwL =
1
2
[
k0 +
a
2
(3 + 2p+ 2q + pq) + 2a(2 + p+ q)nβ + 4an
2
β
]
, (27)
where nβ is the principal quantum number of β vibrations and
p =
√
1 + 4k−2, q =
√
1 + 4
k2
a2
. (28)
The quantities k2, k0, k−2 are given by Eq. (23), while Λ is the eigenvalue of angular part given
by Eq. (15). The excitation energies depend on three quantum numbers : nβ, nw and L, and four
parameters : a the deformation mass parameter, β0 the minimum of the potential and the free
parameters δ and λ coming from the construction procedure of the kinetic energy term [32]. In the
last part of the paper, a comparison to the experiment will be carried out by fitting the theoretical
spectra to the experimental data. Finally, it will be shown that the predicted energy levels turn out
to be independent of the choice made for δ and λ.
5
6 The wave functions
The used wave functions in our calculations are given by
ψnβLα(β, θi) = β
−3/2RnβL(β)φ
L
µ,α(Ω). (29)
The radial function RnβL(β) corresponds to the n
th eigenstate of Eq. (18), while the symmetric
eigenfunctions of the angular momentum φLµ,α(Ω) are given by Eq. (14). To obtain the radial
eigenvectors RnβL(β) of Eq.(18), in the case of the Davidson potential, we insert the expression of
the energy spectrum Eq. (27) into Eq. (25). Then, we get the from (24)
RnβL(y) = y
1
4
(1+p)(1 + ay)−nβ−
1
2
− 1
4
(q+p)FnβL(y), (30)
where p and q are given in Eq. (28).
After inserting Eq. (30) into Eq. (18), we obtain
F ′′nβL(y) = −
[
1 + p2 + a(1− 2nβ − q2)y
y(1 + ay)
]
F ′nβL(y)−
[
anβ(nβ +
q
2)
y(1 + ay)
]
FnβL(y). (31)
The excited-state wave functions of this equation are obtained through Eq. (46),
F (y) = NnβL 2F1
[
−nβ, nβ − q
2
;−2nβ − (q + p)
2
; 1 + ay
]
, (32)
where NnβL is a normalization constant and 2F1 are hypergeometrical functions. To normalize the
radial function, we implement the connection between hypergeometrical functions and the gener-
alized Jacobi polynomials by means of Eq. (4.22.1) in [36]. Hence, we obtain the following wave
function
RnβL(t) = NnβL 2
−1/2−(q+p)/4 a−(1+p)/4 (1− t)(1+q)/4 (1 + t)(1+p)/4 P (p/2,q/2)nβ (t), (33)
where t = −1+ay1+ay is a new variable.
To compute NnβL, we use the usual orthogonality relation of Jacobi polynomials Eq. (7.391.5) of
Ref. [37]. This leads to
NnβL =
(
ap/2+1nβ! q
) 1
2
[
Γ(nβ +
q+p
2 + 1)
Γ(nβ +
q
2 + 1)Γ(nβ +
p
2 + 1)
] 1
2
. (34)
7 E2 transition probabilities
Once the analytical expressions of the total wave functions are obtained for both potentials, one
can readily compute the B(E2) transition probabilities, using the general case of the quadrupole
operator [21]
T (E2)µ = tβ
[
D(2)µ,0(Ω) cos(γ −
2pi
3
) +
1√
2
(
D(2)µ,2(Ω) +D(2)µ,−2(Ω)
)
sin(γ − 2pi
3
)
]
, (35)
where t is a scale factor, while the number appearing in the Wigner functions next to µ represents
the angular momentum quantum number α .
For triaxial nuclei around γ ≈ pi/6, the last expression simplifies to
T (E2)µ = tβ
1√
2
(
D(2)µ,2(Ω) +D(2)µ,−2(Ω)
)
. (36)
6
The B(E2) transition rates from an initial to a final state are given by [38]
B(E2;Liαi → Lfαf ) = 5
16pi
| 〈Lfαf || T (E2) || Liαi〉 |2
(2Li + 1)
, (37)
where the reduced matrix element is obtained through the Wigner-Eckart theorem [38]
〈Lfαf |T (E2)µ |Liαi〉 =
(Li2Lf |αiµαf )√
2Lf + 1
〈Lfαf‖T (E2)‖Liαi〉. (38)
In the calculation of the matrix elements of the quadrupole operator (38), the integral over the
Euler angles is calculated via the standard techniques [38], while the integral over β has the form
Iβ(nβi , Li, αi, nβf , Lf , αf ) =
∫ ∞
0
βχnβi ,Li,αi(β)χnβf ,Lf ,αf (β)β
3dβ, (39)
since the volume element in the present case corresponds to four dimensions instead of five. Then,
the final expression for the B(E2) transition rates reads
B(E2;Liαi → Lfαf ) = 5
16pi
t2
2
1
(1 + δαi,0)(1 + δαf ,0)
[(Li2Lf |αi2αf )
+(Li2Lf |αi − 2αf ) + (−1)Li(Li2Lf | − αi2αf )]2 × [Iβ(nβi , Li, αi, nβf , Lf , αf )]2. (40)
This equation is similar to those obtained in Refs.[39, 33]. The three Clebsch-Gordan coefficients
(CGCs) appearing in the above equation are constrained by ∆α = ±2 selection rule. In fact,
the first CGC is nonvanishing only if αi + 2 = αf , while the second CGC is nonvanishing only if
αi − 2 = αf . The third CGC is nonvanishing only if αi + αf = 2. This condition is fulfiled only in
few cases.
8 Numerical results and discussion
The model elaborated in this work, called Z(4)-DDM-D, involves two free parameters for Davidson
potential in β, namely, the potential minimum β0 and the deformation dependent mass parameter a.
It is worth to notice that the depth of the potential is taken to be equal to unit since it has no effect
on energy spectra. Indeed, whatever the value we give to this free parameter, the other two free
parameters (β0 and a) will be renormalized in such a way that the energy remains unchanged. The
numerical realization of this model consists in reproducing, with a good precision, the experimental
data for energy spectra and B(E2) transition rates for series of 108−116Pd, 128−132Xe, 136−138Ce and
190−198Pt isotopes in respect to other models predictions. This task is achieved through determi-
nation of the optimal values of the free model’s parameters by making use of the quality measure :
σ =
√∑N
i=1(Ei(exp)− Ei(th))2
(N − 1)E(2+g )2
. (41)
This quantity represents the rms deviations of the theoretical calculations from the experiment,
where N denotes the number of states, while Ei(exp) and Ei(th) represent the theoretical and
experimental energies of the i-th level, respectively. E(2+g ) is the energy of the first excited level of
the ground state band (gsb). The numerical calculations are carried out for ground, β and γ bands
of nuclei, bands which are characterized by the following quantum numbers:
• For gsb : nβ = 0 and nw = 0;
• For β band : nβ = 1 and nw = 0;
7
• For γ band : nβ = 0 and nw = 2 for even L levels and nβ = 0 and nw = 1 for odd L levels.
In order to reduce the number of free parameters of our model, the parameters λ and δ entering in
the effective potential (23) are chosen to be equal to zero for the same reason cited above for the
potential depth.
8.1 Level bands and effect of centrifugal potential and deformation dependent
mass parameter
In Table (1), are presented numerical results, for Z(4)-DDM-D with Davidson potential, for energy
ratios of the g.s. bandhead R0,0,4 as well as those of the β and γ bandheads, normalized to the
energy of 2+g level, namely : R1,0,0 and R0,2,2, respectively. The energy ratios Rnβ ,nw,L are defined
by
Rnβ ,nw,L =
nβ ,nw,L − 0,0,0
0,0,2 − 0,0,0 , (42)
where the energy nβ ,nw,L is given by Eq. (27).
From this table, we see that the obtained results for the levels belonging to g.s., β and γ bands
are in a quite satisfactory agreement with experimental data. This statement is judged by the
the deviation of theoretical results from the experiment which is represented by σ. Between these
nuclei, the smallest σ value is obtained for 112Pd, while the highest is obtained for 114Pd mostly
because it has more experimental states.
In Table (2), are shown results for energy ratios (42) corresponding to different levels in gsb, β
and γ bands for 128−132Xe and 192−196Pt isotopes compared with those of Z(4)-Sextic model [8, 9],
recalling that this model used a single free parameter, while our model involves two. Here, it is
to be noted that, to achieve correctly such a comparison, the experimental data have been taken
from Ref. [9] and the used number of states in formula (41) was N instead of N − 1 in order to
be conform to the used calculation procedure in [8] and [9]. Thus, one can see that the present
results are fairly better than those obtained by Z(4)-sextic model. This is explained by the fact
that here the mass parameter depends on the β variable, while in Refs. [8, 9] the mass is considered
as a constant. The equation of the Davydov-Chaban Hamiltonian with sextic potential and mass
parameter depending on deformation is very difficult to solve due to the quasi-exactly solvable
method of the sextic potential. Therefore, the Davidson potential is more appropriate to calculate
the energy spectra for triaxial nuclei in the frame of the Davydov-Chaban model with deformation
dependent mass. From Table (1), one can also see that the value of deformation dependent mass
parameter does not exceed 0.2, which is coherent with the used assumption of small deformations by
the model. Moreover, from Table (1), one can see that the deformation dependent mass parameter
has no effect (a = 0) for the isotopes 128−132Xe and 138Ce.
From Table (1), one can observe that our results obtained at the limit of the Z(4) symmetry
are close to those for γ-unstable nuclei [17], obtained at the limit of E(5) symmetry corresponding
to the phase transition from the vibrational U(5) to γ-unstable SO(6) symmetry. Such a similarity
between both symmetries Z(4) and E(5) has been already revealed in [40]. This similarity is more
pronounced in β-band particularly and slightly in the gsb, but regarding the γ band, one can
observe a discrepancy between both models. In this case, both models exhibit an energy staggering,
the sequencing is exactly opposite [41]. But, in the gsb, the slight difference observed between
our results and those for γ-unstable nuclei is due essentially to the centrifugal potential, which
is proportional to the rotational angular momentum eigenvalue Λ plus the contribution coming
from the centrifugal part of the effective potential involving the parameter β0 (the minimum of
the used collective potential, namely : Davidson). In our model, the effect of such a potential is
so important that leads to a large deformation of the nucleus as can be seen from Fig. (1) for
probability density. The increase of the magnitude of the centrifugal potential leads to increasing of
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Figure 1: (Color online) The variation of the probability density [χ0,0,0(β)]
2β3 as a function of the
deformation β for a = 0.05.
the g.s. bandheads ratios. Also, from Table (1), one can see that nucleus 138Ce has a pure harmonic
behavior (β0 = 0). In this particular case, both symmetries Z(4) and E(5) coincide in the g.s.
and β bands. Generally, the calculated R0,0,4 ratios for nuclei with β0 < 1 are further lower than
the corresponding experimental data due to the contribution of the centrifugal part of the effective
potential.
The combined effect of both deformation dependent mass parameter a and the potential mini-
mum β0 on energy spectra is illustrated in Fig. (2). One can see that outside DDMF (a=0) (panel
a), the energy ratios in the gsb and the β-band are degenerate for β < β0 and relatively constant,
while beyond the minimum β0, the energy ratios in both bands start to increase particularly for
higher angular momentums due to the centrifugal potential as explained above. Indeed, in the re-
gion of β < β0, the centrifugal potential effect balances that of the H.O. part in Davidson potential
(see Fig. (2)) preseving a constancy in energy variation, while in the region of β > β0, the effect
of H.O. potential part outweighs that of the centrifugal one. Thus, the energy levels are pushed
so higher. But, in the case of a 6= 0 (panel b), the observed degeneracy in panel (a) is slightly
lifted. In addition, one can observe a damping effect on the β-band levels. Such an effect leads
to improved results in this band as can be seen in Table (1). Panels (c) and (d) show the energy
ratios for L even and L odd in γ-band, in both cases a = 0 and a 6= 0, respectively. Here, one can
also see a relative constancy of the energy ratios for β < β0 and an apparent increase for β > β0
particularly for higher even L values. Unlike the β-band, here we do not observe a significant effect
of deformation dependent mass parameter.
8.2 Staggering effect
The odd-even staggering of the energy levels within the γ-band, which is considered as a sensitive
signature for triaxiality structure, is described here by the following quantity [40, 41, 42]
S(J) =
E(J+γ )− 2E((J − 1)+γ ) + E((J − 2)+γ )
E2+g
(43)
Such a quantity measures the displacement of the (J − 1)+γ level relatively to the average of its
9
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Figure 2: (Color online) The energy spectra with the Davidson potential given by equation (27),
are plotted as a function of the minimum of the potential β0 with the deformation mass parameter a
fixed. In panels (a) and (b) are plotted the energy of the ground band and β band, represented by the
continuous and dashed curves, respectively. While in panel (c) and (d) are those corresponding to
the γ band, where the continuous and dashed curves represent L-even and L-odd states, respectively.
neighbors, J+γ and (J − 2)+γ , normalized to the energy of the first excited state of the ground band,
E2+g . From Ref. [41] it was shown that for the starting value S(4) for γ-unstable model, one has
−2 < S(4) < −1. For axial γ-stable, S(4) ≈ 0, S(4) = 0.33 for the axially symmetric rotor and
S(4) = 1.67 for triaxial rotor with γ = pi/6. In addition, for the triaxial model (γ-rigid or γ-soft)
shapes exhibit staggering with positive S(J) values at even-J and negative S(J) values at odd-J
spins, while this behavior is inverted for the γ-unstable model. This particular feature is related
to the considered approach to the γ-band. Despite the obtained good rms values for the energy
spectra of all studied nuclei, only a handful of them present oscillation in S(J) in concordance
with the experimental data and in conformity with the theoretical predictions in [40, 41], like for
example, the three Pt isotopes proposed in Ref. [8] and the new candidate nucleus 114Pd. In Fig.
(3), we plot the theoretical staggering behavior S(J) for 114Pd and 192Pt for a = 0 and a 6= 0
compared with experimental data and Z(4) model [5]. From this figure, one can see the effect of the
deformation dependent mass parameter, particularly in the higher angular momentum region where
the staggering amplitude is apparently reduced tending to the experimental one. Moreover, as it
is shown, the best representative for triaxial γ band, within the Z(4) symmetry, is the staggering
function for the 192Pt nucleus, while, for the 114Pd isotope, we note that the oscillation amplitude
of the theoretical staggering S(J) increases quickly with J compared to the experimental curve.
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Figure 3: (Color online) The staggering behavior S(J) Eq. (43) of 114Pd and 192Pt for a = 0 and
a 6= 0 compared with experimental data [43, 44] and Z(4) model [5].
Such a behavior could also be seen in figures (4) and (5) where the energy spectra of 114Pd and
192Pt are presented with corresponding calculated transition rates compared to experimental data.
Here, we have to notice that in the case of 114Pd nucleus, the experimental transition rates are not
available and the given values in the spectrum correspond to our theoretical predictions. Therefore,
a further investigation for this nucleus, within the Z(5) symmetry, is necessary. In addition, as we
have previously revealed in [45], in the γ-band of the spectra Fig. (4) and Fig. (5), one can see that
the levels 6+ and 7+ as well as the higher levels have not a natural ordering. Such a fact, which
is observed only in triaxial shape nuclei could be regarded as a strong signature of our predictions,
particularly in the case of the newly proposed candidate, namely : 114Pd.
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Figure 4: The theoretical energy spectra and some B(E2) transitions of the Z(4)-DDM-D model
for the ground (g.s.), β and γ bands, are compared with the experimental data for 114Pd [43].
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Figure 5: (Color online) The theoretical energy spectra and some B(E2) transitions of the Z(4)-
DDM-D model for the ground (g.s.), β and γ bands, are compared with the experimental data for
192Pt [44].
8.3 Electromagnetic E2 transitions
Other important empirical observables for the quadrupole collective states, are the electromagnetic
E2 transitions. In Table (3), we present several representative B(E2) transitions normalized to the
transition from the first excited level in the ground state band (gsb) and calculated with Z(4)-DDM-
D model for seven nuclei, using the same optimal values of the two free parameters obtained from
fitting the energy spectra for each nucleus. From the obtained theoretical results, one can remark
an overall agreement with experiment for the B(E2) transition rates within the intraband of the
gsb for which experimental data are available. Also, as can be seen, there are some discrepancies
in the ground state band of some isotopes like 192,194Pt for which Z(4)-DDM-D predict increasing
values with respect to L, while the experimental values show a decreasing trend. So, as in Ref.
[46] we can partly remedy to this problem by inserting anharmonicities in the transition operator
(36). Consequently, the B(E2) between states from different bands can also be improved. For the
intra-band transition from the γ band to the gsb, our model gives good results, while for transition
from the β band to the gsb, the agreement is only partially good.
8.4 Variable moment of inertia into Z(4)-DDM-D
Another interesting aspect of the present model consists of extending the Variable Moment of
Inertia (VMI) model [31] into the DDM framework, based on the equilibrium condition in which
the energy of a nucleus is minimized with respect to the moment of inertia for each value of the
angular momentum (∂E(J)/∂J |L=cst = 0). Therefore, in this study we propose to determine the
pairs (a, β0) corresponding to critical values of energies for any L separately by maximizing the
first derivative of the energy ratio, within ground state band R0,0,L (42), with respect to β0. As
can be seen in Fig. (6), the R0,0,4 ratio (left panel) increases with both a and β0 until it reaches
asymptotically a certain value, while in the plot of the partial derivative (right panel), one can
observe that the surface exhibits a pronounced maximum for values of a close to zero and smoother
when a increases.
Besides, in the present treatment, an interesting behaviour is observed after calculating the
critical values (ac, (β0)c), which correspond to critical R0,0,L energy ratio of the ground state band
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Figure 6: (Color online) R0,0,4 energy ratio surface (left panel) and its derivative with respect to
β0 (right panel) as functions of a and β0 for Z(4)-DDM-D.
of Z(4)-DDM-D model. It is clear from Fig. (7), in panels (a-b), that the critical ac remains equal
to zero for lower angular momenta (L < 8), while for L ≥ 8 it takes some finite values increasing
with higher L. In addition, from this figure, in panel (c), one can see that (β0)c shows a linear
increase with L up to L = 8, after this value it continues to grow with a lower deck. The critical
energy ratios for ground state band of this procedure for fixed values of L are shown in Fig. (8).
One can remark that our results for (L < 8), obtained by Z(4)-DDM-D model, are close to Z(4)
model [5] developed with an infinite-well potential in the β collective variable. In contrast, the gap
widens between both models with the higher angular momentum. Furthermore, in order to examine
whether our model is also capable to reproduce ”downbending” effect [47] for the moment of inertia
(J) i.e. cases where, for higher L, J decreases after back bending, we insert the calculated critical
values of the pairs (a, β0) parameters in the following formula
J =
β2
(1 + a β2)2
(44)
As it can be seen from Fig. (7) (panel d), the moments of inertia values derived from the energy
ratio of ground state band, show a linear increase for small angular momenta up to L = 8. Indeed,
in this angular momentum region the ac remains equal to zero. In contrast, J decreases with higher
angular momentum L, when ac starts taking non-zero values. This ”downbending” effect has also
been observed in axial symmetric nuclei [47, 48].
9 Conclusion
In this work, based on Davydov-Chaban Hamiltonian, a new model being called Z(4)-DDM-D
has been elaborated in the framework of Deformation Dependent Mass formalism. The numerical
realization of this model consisted of calculating energy spectra and electromagnetic transition
probabilities of 108−116Pd, 128−132Xe, 136−138Ce and 190−198Pt isotopes using Davidson as collective
potential compared to experimental data and some models calculations. The obtained results have
shown an overall agreement with the first ones and a significant improvement in respect to the
second ones.
The combined effect of both deformation dependent mass parameter a and the potential min-
imum β0 on energy spectra has been duly investigated. Moreover, the effect of the parameter a
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Figure 7: (Color online) Critical values for a, β0 and moments of inertia for the various L values
obtained for the triaxial nuclei having a γ rigidity at pi/6 using Z(4)-DDM-D model.
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Figure 8: (Color online) Critical energy ratios R0,0,L of Z(4)-DDM-D model as functions of L for
the ground state band, compared to Z(4) model [5].
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on staggering amplitude in the two nuclei 192Pt and the newly proposed, in this work, candidate
114Pd for triaxial shape has been examined. However, it is to be noted that a further investigation
should be performed in order to prove whether the isotope 114Pd is effectively a good Z(4) or Z(5)
candidate.
The systematic study of the Z(4)-DDM-D behaviour within the Variable Moment of Inertia
approach has shown that Davidson potential is more appropriate to reproduce the ”downbending”
effect of the moments of inertia for the critical values of a and β0.
A Asymptotic Iteration Method (AIM)
The asymptotic iteration method [22] is proposed to solve the second-order homogeneous differential
equation of the form
y′′ = λ0(x)y′ + s0(x)y (45)
where the variables λ0 and s0 are sufficiently differentiable.
The differential equation (45) has a general solution [22]
y(x) = exp
(
−
∫ x
α(x1)dx1
)[
C2 + C1
∫ x
exp
(∫ x1
[λ0(x2) + 2α(x2)]dx2
)
dx1
]
(46)
If we have n > 1, for sufficiently large n, α(x) values can be obtained
sn(x)
λn(x)
=
sn−1(x)
λn−1(x)
= α(x) (47)
with the sequences
λn(x) =λ
′
n−1(x) + sn−1(x) + λ0(x)λn−1(x) (48a)
sn(x) =s
′
n−1(x) + s0(x)λn−1(x), n = 1, 2, 3.... (48b)
The energy eigenvalues are then computed by means of the following termination condition [22]
δ = snλn−1 − λnsn−1 = 0 (49)
Recently, the method has been further improved for the exactly solvable problems [23]. By rewriting
the second-order differential equation Eq. (45) in the form
y′′ = − τ(x)
σ(x)
y′ − κn
σ(x)
y (50)
where κn is a constant, which comprises the eigenvalues. Then, the energy eigenvalues are obtained
from [23]
κn = −nτ ′(x)− n(n− 1)
2
σ′′(x) (51)
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Table 1: The comparison of theoretical predictions of the
Z(4)-DDM-D to experimental data [49, 50, 51, 43, 52, 53,
54, 55, 56, 57, 58, 44, 59, 60, 61] for the ground state band-
head R0,0,4 ratios, as well as those of the β and γ bandheads,
normalized to the 2+g state and labelled by R1,0,0 and R0,2,2,
respectively. Lg, Lβ and Lγ characterized the angular mo-
menta of the highest levels of the ground state, β and γ bands,
respectively, included in the fit.
nuleus R0,0,4 R1,0,0 R0,2,2 β0 a Lg Lβ Lγ N σ
exp th exp th exp th
108Pd 2.416 2.284 2.426 2.349 2.146 1.803 0.91 0.096 14 4 4 12 0.335
110Pd 2.463 2.303 2.533 1.974 2.177 1.809 0.75 0.179 12 10 4 14 0.413
112Pd 2.533 2.508 2.553 2.660 2.113 1.920 1.19 0.200 6 0 3 5 0.207
114Pd 2.563 2.341 2.622 2.863 2.088 1.836 1.10 0.062 16 0 11 18 0.760
116Pd 2.579 2.414 3.262 3.420 2.168 1.876 1.27 0.052 16 0 9 16 0.649
128Xe 2.333 2.323 3.574 3.452 2.189 1.830 1.21 0.000 10 2 7 12 0.495
130Xe 2.247 2.253 3.346 3.014 2.093 1.792 1.08 0.000 14 0 5 11 0.297
132Xe 2.157 2.084 2.771 2.273 1.944 1.696 0.74 0.000 6 0 5 7 0.388
136Ce 2.380 2.142 1.949 2.337 1.978 1.728 0.81 0.021 16 0 3 10 0.458
138Ce 2.316 2.000 1.873 2.000 1.915 1.646 0.00 0.000 14 0 2 8 0.329
190Pt 2.492 2.338 3.113 3.452 2.020 1.838 1.22 0.008 18 2 6 15 0.593
192Pt 2.479 2.380 3.776 3.877 1.935 1.860 1.32 0.002 10 0 8 12 0.567
194Pt 2.470 2.438 3.858 3.527 1.894 1.888 1.31 0.058 10 4 5 11 0.358
196Pt 2.465 2.362 3.192 2.970 1.936 1.848 1.14 0.122 10 2 6 11 0.577
198Pt 2.419 2.267 2.246 2.163 1.902 1.792 0.82 0.117 6 2 4 7 0.400
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Table 2: The energy spectra comprising the ground, γ and β bands obtained with our model Z(4)-
DDM-D are compared with the values taken from [8] and [9] with the available experimental data
[53, 54, 55, 44, 59, 60].
128Xe 130Xe 132Xe
Exp D Ref.[8] Ref.[9] Exp D Ref.[8] Ref.[9] Exp D Ref.[8] Ref.[9]
R0,0,4 2.333 2.323 2.462 2.381 2.247 2.264 2.415 2.375 2.157 2.084 2.123 2.124
R0,0,6 3.922 3.806 3.749 3.719 3.627 3.643 3.534 3.653 3.163 3.193 3.156 3.170
R0,0,8 5.674 5.372 5.686 5.531 5.031 5.080 5.192 5.400 4.313 4.363 4.385
R0,0,10 7.597 6.987 7.165 7.094 6.548 6.402 6.867 5.438 5.426 5.472
R1,0,0 3.574 3.452 3.187 3.150 3.346 3.076 2.664 2.961 2.771 2.273 2.189 2.204
R1,0,2 4.515 4.452 4.690 4.658 (4.011) 4.076 3.885 4.392 3.273 3.254 3.286
R1,0,4 5.775 6.670 6.520 (4.528) 5.340 5.597 6.195 4.357 4.485 4.529
R0,2,2 2.189 1.830 1.648 1.641 2.093 1.798 1.612 1.629 1.944 1.696 1.532 1.534
R0,1,3 3.228 2.555 2.278 2.290 3.045 2.482 2.180 2.258 2.701 2.263 2.075 2.083
R0,2,4 3.620 4.180 4.200 4.078 3.373 3.988 3.936 4.011 2.940 3.464 3.368 3.378
R0,1,5 4.508 4.361 4.294 4.215 4.051 4.154 4.005 4.134 3.246 3.594 3.475 3.490
R0,2,6 5.150 6.284 6.221 6.162 5.910 5.634 5.986 4.951 4.839 4.874
rms 0.495 0.534 0.524 0.330 0.478 0.440 0.359 0.403 0.401
192Pt 194Pt 196Pt
Exp D Ref.[8] Ref.[9] Exp D Ref.[8] Ref.[9] Exp D Ref.[8] Ref.[9]
R0,0,4 2.479 2.374 2.439 2.396 2.470 2.445 2.415 2.406 2.465 2.362 2.513 2.481
R0,0,6 4.314 3.960 3.787 3.834 4.298 4.202 3.835 3.902 4.290 3.968 3.709 3.701
R0,0,8 6.377 5.674 5.773 5.761 6.392 6.201 5.880 5.896 6.333 5.770 5.579 5.559
R0,0,10 8.624 7.473 7.350 7.484 8.672 8.408 7.573 7.713 8.558 7.752 6.914 6.932
R1,0,0 3.776 3.714 3.397 3.537 3.858 3.666 3.706 3.809 3.192 2.970 2.954 2.977
R1,0,2 4.547 4.726 4.995 5.162 4.603 4.730 5.409 5.493 3.828 4.047 4.308 4.364
R1,0,4 6.118 7.002 7.113 7.511 5.693 7.490 5.511 6.238 6.280
R0,2,2 1.935 1.857 1.653 1.664 1.894 1.892 1.661 1.676 1.936 1.848 1.646 1.643
R0,1,3 2.910 2.620 2.302 2.345 2.809 2.711 2.332 2.378 2.852 2.608 2.249 2.252
R0,2,4 3.795 4.366 4.229 4.200 3.743 4.667 4.268 4.273 3.636 4.388 4.179 4.150
R0,1,5 4.682 4.563 4.342 4.360 4.563 4.894 4.402 4.446 4.526 4.593 4.243 4.227
R0,2,6 5.905 6.686 6.358 6.466 7.430 6.524 6.645 5.644 6.874 6.041 6.049
R0,1,7 6.677 6.523 6.065 6.215 7.230 6.235 6.392 6.694 5.737 5.754
R0,2,8 8.186 8.925 9.163 9.203 10.269 - 9.508 7.730 9.424 8.564 8.573
rms 0.526 0.614 0.593 0.338 0.543 0.515 0.550 0.682 0.683
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Table 3: The comparison of experimental data [49, 53, 55, 44, 59, 60, 61]
(upper line) for several B(E2) ratios of nuclei to predictions by the
Davydov-Chaban Hamiltonian with β-dependent mass for the Davidson
potential (lower line), using the parameter values shown in Table 1
nuleus
4g→2g
2g→0g
6g→4g
2g→0g
8g→6g
2g→0g
10g→8g
2g→0g
2γ→2g
21→0g
2γ→0g
2g→0g
0β→2g
2g→0g
2β→0g
2g→0g rms
×103 ×103
108Pd 1.47(20) 2.16(28) 2.99(48) 1.43(14) 16.6(18) 1.05(13) 1.09(29)
1.81 2.84 3.78 4.65 1.83 0.0 2.15 51.87 0.2285
128Xe 1.47(20) 1.94(26) 2.39(40) 2.74(114) 1.19(19) 15.9(23)
1.65 2.47 3.23 3.98 1.67 0.0 0.95 11.88 0.2775
132Xe 1.24(18) 1.77(29) 3.4(7)
1.93 3.14 4.29 5.42 1.97 0.0 1.96 1.32 0.2386
192Pt 1.56(12) 1.23(55) 1.91(16) 9.5(9)
1.60 2.34 3.02 3.69 1.63 0.0 0.80 15.12 0.2851
194Pt 1.73(13) 1.36(45) 1.02(30) 0.69 1.81(25) 5.9(9) 0.01
1.60 2.34 3.01 3.65 1.62 0.0 1.15 52.33 0.5034
196Pt 1.48(3) 1.80(23) 1.92(23) 0.4 0.07(4) 0.06(6)
1.68 2.54 3.33 4.10 1.70 0.0 1.46 45.70 0.3531
198Pt 1.19(13) 1.78 1.16(23) 1.2(4) 0.81(22) 1.56(126)
1.86 2.94 3.90 4.78 1.88 0.0 2.47 59.56 0.3749
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